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Abstract
The queens graph of a (0; 1)-matrix A is the graph whose vertices correspond to the 1’s
in A and in which two vertices are adjacent if and only if some diagonal or line of A con-
tains the corresponding 1’s. A basic question is the determination of which graphs are queens
graphs. We establish that a complete block graph is a queens graph if and only if it does not
contain K1;5 as an induced subgraph. A similar result is shown to hold for trees and cacti.
Every grid graph is shown to be a queens graph, as are the graphs Kn  Pm and C2n  Pm
for all integers n; m>2. We show that a complete multipartite graph is a queens graph if
and only if it is a complete graph or an induced subgraph of K4;4, K1;3;3, K2;2;2 or K1;1;2;2.
It is also shown that K3;4 − e is not a queens graph. c© 1999 Elsevier Science B.V. All rights
reserved
1. Introduction
Let A be a (0; 1)-matrix. The queens graph of A, denoted Q(A), is the graph whose
vertices correspond to the 1’s in A and in which two vertices are adjacent if and only
if some diagonal or line of A contains the corresponding 1’s. (A line of a matrix is
a row or column.) If a vertex X is adjacent with a vertex Y , then to simplify the
notation, we write X  Y , while if X and Y are nonadjacent, we write X 6 Y . Fur-
ther, m(XY ) will denote the gradient of the geometric line passing through X and Y .
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Fig. 1. A matrix A and its queens graph.
In Fig. 1, we present a matrix and its queens graph. Clearly it is attacking queens on
a chessboard that motivates this denition. (In our drawings, some implied edges are
omitted.)
We say that a graph is a queens graph if it is the queens graph of some (0; 1)-
matrix. One of the main questions concerning us is which graphs are queen
graphs.
It is apparent that a given queens graph generally has many representations as a
binary matrix. For example, if we rotate one representation by 90, or if we take
its transpose, the queens graph does not change. In fact, these operations merely in-
terchange the types of line as well as the types of diagonal. There is, however, a
45-rotation of sorts that switches the lines with the diagonals.
Let A = (aij) be an mn binary matrix and let r = m+n−1. The matrix A = (aij)
is dened to be the r  r matrix which has aij in the (i + j − 1; m − i + j) position
and 0 elsewhere (see below for an example). More formally, we dene A by taking
h = (i − j + m+ 1)=2 and k = (i + j − m+ 1)=2 and setting
aij =
8<
:
ahk if i + j is odd and m− i + 16j6m+ i − 1,
0 otherwise:
For example, a 2  4 binary matrix A and the corresponding matrix A are shown
below.
A =

a11 a12 a13 a14
a21 a22 a23 a24

; A =
2
66664
0 a11 0 0 0
a21 0 a12 0 0
0 a22 0 a13 0
0 0 a23 0 a14
0 0 0 a24 0
3
77775 :
It can be seen that two 1’s are in the same row of A if and only if the corresponding
1’s are in the same negative diagonal of A, and so forth, so that the two matrices
have isomorphic queens graphs. We also observe that A can be obtained from At
by putting a row of 0’s between every pair of rows and doing a similar thing for
columns. One consequence of the operation A!A is the conrmation of the fact that
the diagonals play the same roles as the lines in a queens graph.
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The story of dierent matrix representations of the same graph does not end here
however. For example, the three matrices
A =
2
66664
1 0 1
1 0 0
0 0 0
0 0 0
0 1 1
3
77775 ; B =
2
66666664
0 1 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
1 0 0 1 0
3
77777775
; C =
2
66664
1 0 0
1 0 0
0 1 0
0 1 0
0 0 1
3
77775 ;
all have the path P5 of length 4 as their queens graph. On the other hand, they must
all be considered dierent from one another. For, the rst involves only two types of
adjacency, rows and columns, while the second has all four. The third also has only
two, but one is a line and the other a diagonal. (In light of our earlier remarks, the
set of those that had only diagonal adjacencies would be considered the same as those
involving only lines.) There are also representations of P5 with three of the four types
of adjacency. In the next section, we look further at representations of queens graphs.
2. Representations
It is generally more convenient to represent a queens graph in the plane lattice (like
an innite chessboard) rather than as a matrix. The following theorem formalizes this.
Theorem 1. A graph G is a queens graph if and only if its vertices can be represented
as ordered pairs of integers (i; j) in such a way that two (distinct) vertices (i; j) and
(k; l) are adjacent if and only if (1) i = k; or (2) j = l; or (3) i + j = k + l; or
(4) i − j = k − l.
These four conditions (1) { (4) are, of course, the row condition, the column
condition, the negative-slope condition, and the positive-slope condition, respectively.
We observe that an alternative way of describing them is as the line condition
(i − k)(j − l) = 0 together with the diagonal condition ji − kj = jj − lj.
For reasons that should become clear later (if they are not already), we are par-
ticularly interested in complete graphs. To facilitate our discussion we introduce the
following notation:
H for horizontal,
V for vertical,
P for the diagonals with slope +1, and
M for the diagonals with slope -1.
These are called the directions of the edges in a plane representation. It is not too
hard to see that for p>6, the only representation of Kp is for all edges to have
the same direction. For K3, however, there are basically two representations: as three
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Fig. 2. Representations of the queens graphs K3, K4, and K5.
points along one direction or as the points of an isosceles right triangle (whether it
be large or small, or have its perpendicular directions lines or diagonals) { see Fig.
2(a) and (b). The graph K4, on the other hand, has three dierent representations,
these we call, the straight (Fig. 2(c)), the square (Fig. 2(d)) and the triangular (Fig.
2(e)). The graph K5 has just two, the straight (Fig. 2(f)) and the central square
(Fig. 2(g)).
3. Direction decompositions
Since every edge in a queens graph G of a matrix arises from a direction, there is
a natural decomposition of the edge set of G into four classes, each of which forms a
collection of pairwise disjoint complete graphs, which we call a complete-component
graph. By adding isolated vertices to each class as necessary, each direction class can
be taken to be a spanning subgraph of G. The following denitions extend these ideas
somewhat.
A direction class of a graph is a spanning subgraph which is a complete-component
graph. A direction decomposition of index r (or an r-decomposition) of a graph G is a
decomposition of the edge set of G into r direction classes. A direction decomposition
of index 4 for the queens graph of Fig. 1 is shown below. The subgraph induced by
a set fv1; v2; : : : ; vng of vertices will be denoted by hv1; v2; : : : ; vni.
C1 = fhv1; v2i; hv3; v4; v5i; hv6ig;
C2 = fhv1; v6i; hv2; v4i; hv3i; hv5ig;
C3 = fhv1; v3i; hv2; v5i; hv4i; hv6ig;
C4 = fhv2; v3; v6i; hv1i; hv4i; hv5ig:
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Another decomposition of this graph (in which | as we often do | we omit the
singletons) is
C1 = fhv1; v3; v6i; hv2; v4; v5ig;
C2 = fhv1; v2i; hv3; v5ig;
C3 = fhv2; v6i; hv3; v4ig;
C4 = fhv2; v3ig:
We leave it to the reader to decide whether this partition can be realized in the plane
as a queens graph.
Rooks graphs are dened analogously to queens graphs. A graph G is a rooks graph
if there exists a binary matrix A whose 1’s correspond to the vertices of G and two 1’s
lie in the same row or column if and only if the corresponding vertices are adjacent in
G. Rooks graphs have been studied in [1,2]. In [1], it was established that a graph is
a rooks graph if and only if it has a direction decomposition of index 2. A connection
with the similar-sounding Krausz characterisation of line graphs was also made: A
graph is a rooks graph if and only if it is the line graph of a bipartite graph.
The statements in the following theorem are now apparent.
Theorem 2. Let G be a queens graph. Then:
(a) G has a direction decomposition of index 4;
(b) G is the union of two edge-disjoint rooks graphs;
(c) G does not contain K1;5 as an induced subgraph.
It is not too dicult to nd a graph that satises these conditions but is not a queens
graph, although it may take some work to show. One example, which will be discussed
later, is K1;1;4. In contrast to the situation for rooks graphs, nding a characterization
of queens graphs appears to be quite dicult.
4. Complete-block graphs, trees and cacti
A complete-block graph is a connected graph in which every block is complete. In
this section, we determine which complete-block graphs are queens graphs.
Theorem 3. A complete-block graph is a queens graph if and only if it does not
contain K1;5 as an induced subgraph.
Proof. The necessity follows from Theorem 2(c). To prove the suciency, we proceed
by induction on the number n of blocks. If n = 1, then the complete-block graph is
a complete graph and can be represented as a queens graph by placing the edges
along one direction. Assume that all K1;5-free complete-block graphs with fewer than n
blocks, n>2, are queens graphs that can be represented with the edges of each block
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having the same direction. Let G be a K1;5-free complete-block graph consisting of n
blocks.
Let B be an end-block of G, and let v be the cut-vertex of G in B. Let G be the
graph obtained from G by removing the vertices of B dierent from v. Then G is
a K1;5-free complete-block graph with n − 1 blocks. By the induction hypothesis, G
is a queens graph which can be represented with the edges of each block having the
same direction. Consider such a representation of G. Since G is K1;5-free, v is not the
center of an induced K1;4 in G. Thus, the vertex v belongs to at most three blocks
in G. Since the edges of each block have the same direction in our representation, it
follows that there is at least one row, column or slope (negative or positive) containing
only the vertex v. Thus, our representation of G can be extended to a representation
of G as a queens graph with the edges of each block having the same direction.
As a corollary we have the following result.
Corollary 1. A tree is a queens graph if and only if it has maximum degree at
most 4.
A cactus is a connected graph, every block of which is a K2 or a cycle. In this
section, we determine that the same condition applies to cacti.
Theorem 4. A cactus is a queens graph if and only if it does not contain K1;5 as an
induced subgraph.
Proof. The necessity follows from Theorem 2(c). To prove the suciency, we proceed
by induction on the number n of blocks. If n = 1, then the cactus is K2 or a cycle
and can easily be represented as a queens graph so that the edges of each C3, if any,
have the same direction. Assume that every K1;5-free cactus with fewer than n blocks,
n>2, is a queens graph that can be represented with the edges of each C3 having the
same direction. Let G be a K1;5-free cactus with n blocks.
Let B be an end-block of G, and let v be the cut-vertex of G in B. Let G be the
graph obtained from G by removing the vertices of B dierent from v. Then G is a
K1;5-free cactus with n− 1 blocks. By the induction hypothesis, G is a queens graph
that can be represented with the edges of each C3 having the same direction. Consider
such a representation of G. We consider two possibilities.
Case 1: B = K2 or C3. Since G is K1;5-free, there is no induced K1;4 in G with v as
its center. Thus, in G, if v belongs to a block that is a cycle of length greater than 3,
then v belongs to at most one other block in G and this block is a K2 or C3. If every
block containing v is a K2 or C3, then v belongs to at most three blocks in G. Since
the edges of each C3 have the same direction in our representation, it follows that in
both cases there is at least one row, column or slope (negative or positive) containing
only the vertex v. Thus, our representation of G can be extended to a representation
of G as a queens graph with the edges of each C3 having the same direction.
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Fig. 3. A queens representation of P5  P4.
Case 2: B = Cm for some m>4. Since G is K1;5-free, there is no induced K1;3 in
G with v as its center. Thus, v belongs to exactly one other block in G or to exactly
two blocks in G, both of which are K2 or C3. Since the edges of each C3 have the
same direction in our representation, it follows that the vertex v has two directions in
G in which it attacks no other vertex. Thus, our representation of G can be extended
to a representation of G as a queens graph with the edges of each C3 having the same
direction.
5. Products of graphs
A grid graph is the cartesian product Pm  Pn of two paths, where Pm denotes a
path on m vertices. We show rst that every grid graph is a queens graph.
Theorem 5. Every grid graph is a queens graph.
Proof. Let m and n be positive integers. We show that Pm  Pn is a queens graph.
For i = 1; 2; : : : ; n and j = 1; 2; : : : ; m, let
xij = dj=2e+ bi=2c  m+ b(i − 1)=2c  (m− 1 + dm=2e);
yij = j − bi=2c  m
and let vij = (xij; yij). Then fvij j 16j6m; 16i6ng has Pm  Pn as its queens graph.
(A queens representation of P5  P4 is shown in Fig. 3.)
Theorem 6. For positive integers m and n; Kn  Pm is a queens graph.
Proof. For i = 1; 2; : : : ; n and j = 1; 2; : : : ; m, let vij be the point in the plane with
co-ordinates (dj=2e + (i − 1)(m − 1 + dm=2e); j). Then fvij j 16j6m; 16i6ng has
Kn  Pm as its queens graph. (A queens representation of K4  P5 is shown in
Fig. 4.)
Theorem 7. For integers m; n>2, C2n  Pm is a queens graph.
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Fig. 4. A queens representation of K4  P5.
Fig. 5. A queens representation of C4  P5.
Fig. 6. A queens representation of C7  P2.
Proof. For i = 1; 2; : : : ; 2n− 2 and j = 1; 2; : : : ; m, let xij, yij and vij be as dened in
Theorem 5. For j = 1; 2; : : : ; m, let x02n−1; j = x2n−1; j − 2d(j − 1)=2e, y02n−1; j = y2n−1; j,
x02n;j = x
0
2n−1; j + (n− 1)m, and y02n;j = j. For i = 2n− 1 or 2n and j = 1; 2; : : : ; m, let
v0ij be the point in the plane with co-ordinates (x
0
ij ; y
0
ij). Then fvij j 16j6m;
16i62n − 2g [ fv0ij j 16j6m; 2n − 16i62ng has C2n  Pm as its queens graph.
(A queens representation of C4  P5 is shown in Fig. 5.)
Theorem 8. For n a positive integer; C2n+1  P2 is a queens graph.
Proof. If n = 1, then the result follows from Theorem 6. Hence we may assume that
n>2. For i = 1; 2; : : : ; 2n−1 and j = 1; 2, let xij = 2(i−1) and yij = bj=2c+2b(i−1)=2c.
For j = 1; 2, let x2n;j = x2n−1; j + 2n = 6n− 4, y2n;j = y2n−1; j, x2n+1; j = x2n−1; j + 1 =
4n − 3, and y2n+1; j = bj=2c + 4n − 3. For i = 1; 2; : : : ; 2n + 1 and j = 1; 2, let vij be
the point in the plane with co-ordinates (xij; yij). Then fvij j 16j62; 16i62n + 1g
has C2n+1  P2 as its queens graph. (A queens representation of C7  P2 is shown in
Fig. 6.)
By Theorem 6, C2n+1  Pm is a queens graph for n = 1 and all integers m>2. It
remains an open problem to determine if C2n+1  Pm is a queens graph for all m and
n in general.
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6. Complete multipartite graphs
In this section, we determine which complete multipartite graphs are queens graphs.
Since every complete graph has this property, we assume that at least one partite set
is nontrivial. We also assume that no set has more than four vertices, since K1;5 is
forbidden as an induced subgraph. We proceed by the number of parts the graph has.
6.1. Bipartite graphs
Fig. 7 shows a queens representation of K4;4. Hence K4;4 is a queens graph. Since
every vertex induced subgraph of a queens graph is also a queens graph, we therefore
have the following result.
Theorem 9. For positive integers m and n; the complete bipartite graph Km;n is a
queens graph if and only if m; n  4.
6.2. Tripartite graphs
These are much more dicult to treat, and so we establish our main result on these
graphs through a series of lemmas.
Lemma 1. K1;3;3 and K2;2;2 are queens graphs.
Proof. Queens representations of K1;3;3 and K2;2;2 are shown in Fig. 8.
Lemma 2. K1;1;4 is not a queens graph.
Proof. Suppose that K1;1;4 is a queens graph and that it is represented in the plane.
Without loss of generality, we may assume that the two vertices that are adjacent to all
the others have positions (a; 0) in a representation. Then the only possible locations
for vertices that are adjacent to both (−a; 0) and (a; 0) are the points on the x-axis
or the points (0;a); (a;2a). It is impossible to nd four such vertices that are
pairwise nonadjacent.
Lemma 3. K2;2;3 is not a queens graph.
Proof. Let G = K2;2;3, and let fU; Vg, fX; Yg and fA; B; Cg be the three partite sets
of G. Suppose that G is a queens graph and that it is represented in the plane. With-
out loss of generality, we may assume that V = (0; 0), U = (u; v), X = (s; t) and
Y = (x; y). Let N , S, E, and W stand for north, south, east, and west, respectively.
A plane representation of an induced K1;3 has an edge on three of the four directions.
Without loss of generality, we may assume the direction of the edge VA is E, while
VB is N. We take A = (a; 0) and B = (0; b) with a; b > 0. The edge VC is either
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Fig. 7. A queens representation of K4;4.
Fig. 8. Queens representations of K1;3;3 and K2;2;2.
Table 1
Case Edge Edges
VC VX,VY
i NW N,W, or NE
ii NE N, E, or NE
iii SE S, E, or NE
iv SW S, W, or NE
NW, NE, SE, or SW. Since V  X and Y , X and Y must be points on the lines H,
V, M, or P. If the edge VC is NW, then for X (respectively, Y ) to be adjacent to A,
B, and C, VX (respectively, VY ) must be N, W, or NE. The four possibilities for the
directions of the edge VC, and the resulting possible directions for the edges VX and
VY are shown in Table 1. We consider each of the four cases in turn.
Case i: We take C = (−c; c) with c > 0. If VX is W, then X = (s; 0). Furthermore,
XB is NE and XC is N, whence s = −c and m(XB) = b=s = 1. Thus, b = −c,
so B  C, a contradiction. Hence we may assume that VX is N and VY is NE, so
X = (0; t) and Y = (y; y). Now XA is SE and therefore YA is S, whence t= − a = −1
and y = a. Thus t = y, so X  Y , another contradiction.
Case ii: We take C = (c; c) with c > 0. If VX is N, then X = (0; t). Furthermore,
XA is SE and XC is E, whence m(XA) = t= − a = −1 and t = c. Thus, a = c, so
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A  C, a contradiction. Hence we may assume that VX is E (and VY is NE), so
X = (s; 0). Now XB is NE and therefore XC is N, whence m(XB) = b= − s = −1 and
s = c. Thus, b = c, so B  C, another contradiction.
Case iii: We take C = (c;−c) with c > 0. If VX is S, then X = (0; t). Furthermore,
XA is NE and XC is E, whence m(XA) = t= − a = 1 and t = −c. Thus, a = c,
so A  C, a contradiction. Hence we may assume that VX is E and VY is NE, so
X = (s; 0) and Y = (y; y). Now XB is NW and therefore YB is W, whence b=−s = −1
and y = b. Thus s = y, so X  Y , another contradiction.
Case iv: We take C = (−c;−c) with c > 0. We now divide the plane into eight
octants O1; O2; : : : ; O8, where Oi is the octant between (i − 1)=4 and i=4 radians for
i = 1; 2; : : : ; 8. For the vertex U to be adjacent to A, B, and C, U must lie in Octant
O3 or O8. By symmetry, we may assume U 2 O3, so UA is SE and m(UA) = v=
(u − a) = −1. Thus, v = a − u. Since a vertex on the negative y-axis cannot have
a neighbor in Octant O3, we know that VX cannot be S. Hence we may assume that
VX is NE (and VY is W), so X = (t; t). If UX is E, then v = t, whence t = a − u.
Furthermore, XA is S, so a = t. Thus u = 0, a contradiction. On the other hand, if
UX is SE, then for the vertex B to be adjacent to U and X , UB is also SE. But then
A  B, another contradiction.
Since all four cases produce a contradiction, we deduce that our original assump-
tion that K2;2;3 is a queens graph is incorrect. This completes the proof of the
proposition.
Since every induced subgraph of a queens graph is also a queens graph, an immediate
consequence of Lemmas 1{3 now follows.
Theorem 10. A complete tripartite graph is a queens graph if and only if it is an
induced subgraph of K2;2;2 or K1;3;3.
6.3. Quadripartite graphs
In order to establish our main result here, we again require three subsidiary results,
which we present as lemmas.
Lemma 4. K1;1;1;3 is not a queens graph.
Proof. Let G = K1;1;1;3, and let U , V , and X be the three vertices adjacent to all of
the others, and let A, B, and C be the three pairwise nonadjacent vertices. Suppose
that G is a queens graph and that it is represented in the plane. Then the edges
between U , V , and X either (i) lie along one direction or (ii) form an isosceles right
triangle.
Case i: Without loss of generality, we may assume that V = (0; 0) and that it lies
between U and X on the x-axis. Then no vertex on the lines M or P can be adjacent
to both U and X . Hence A, B, and C must lie on the lines H or V , contradict-
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Fig. 9. A queens representation of K1;1;2;2.
ing the fact that A, B, and C are pairwise nonadjacent vertices. Hence, this case is
impossible.
Case ii: Without loss of generality, we assume that V , U , and X are the points
(0; 0), (a; 0), and (0; a). There are only four vertices that are adjacent to all three of
these, namely (a; a), (a=2; a=2), (−a; 0) and (0;−a), and no three of these are pairwise
nonadjacent. Hence, this case too is impossible.
Lemma 5. K1;2;2;2 is not a queens graph.
Proof. Suppose that K1;2;2;2 is a queens graph and that it is represented in the plane.
Let F be a complete graph of order 4 in this representation. We consider separately
the three possibilities for the complete graph F (as dened in Section 2).
Case i: F is straight. In order to have some vertex adjacent to just three of its
vertices, those three vertices must be equally spaced. But it is impossible to have three
dierent sets of three with this property.
Case ii: F is square. We may assume that the vertices of F are placed at the points
(a;a). The only vertices that are adjacent to exactly three of these are (a;3a) and
(3a;a), and no three of these eight are pairwise adjacent, which is a requirement.
Case iii: F is triangular. Here, we may assume that the vertices are (0; 0), (a; 0),
and (0; a). Because of Cases i and ii, we may also assume that every complete subgraph
of order 4 is triangular and that a is as small as possible. Furthermore, we may assume,
without loss of generality, that some point besides (−a; 0) is adjacent to (0; 0); (a; 0),
and (0; a). The only possibilities are (0;−a), (a; a), and (a=2; a=2). The rst two of
these result in squares and the third in a smaller triangular conguration, all of which
are prohibited.
This establishes the result.
Lemma 6. K1;1;2;2 is a queens graph.
Proof. A representation of K1;1;2;2 as a queens graph is given in Fig. 9.
Since every induced subgraph of a queens graph is also a queens graph, an immediate
consequence of Lemmas 4{6 now follows.
Theorem 11. The only nontrivial complete quadripartite graphs that are queens graphs
are K1;1;1;2 and K1;1;2;2.
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6.4. Quintipartite graphs
Theorem 12. No 5-partite graph other than K5 is a queens graph.
Proof. It suces to show that K1;1;1;1;2 (which is K6−e) is not a queens graph. Suppose
that it is a queens graph and is represented in the plane. Let F be a complete graph of
order 5 in this representation. No matter which of the two representations F has (see
Fig. 2(f) and (g)), it is impossible to nd a vertex not in F that is adjacent to just
four of the ve vertices of F .
Theorems 9 { 12 now yield the full result on complete multipartite queens graphs.
Theorem 13. A complete multipartite graph is a queens graph if and only if it is a
complete graph or an induced subgraph of one of the following: K4;4; K1;3;3; K2;2;2;
K1;1;2;2.
7. Subgraphs of queens graphs
In this section, we note that even when a queens graph has maximum degree 4, the
result of deleting an edge may not be a queens graph. The proof, which is lengthy and
involves numerous cases, is omitted. Our detailed proof, which serves as an indicator
of the diculties that one might encounter in trying to nd minimal nonqueens graphs,
can be obtained directly from the authors.
Theorem 14. K3;4 − e is not a queens graph.
We conjecture that this graph is a minimal nonqueens graph, that is, each of its
proper subgraphs is a queens graph. Note that it is not enough to show that each of
the three graphs obtainable from K3;4 by deleting two edges is a queens graph since
the property of being a queens graph does not extend to all subgraphs (only to those
that are induced).
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